In the present work, we theoretically propose and numerically illustrate a mean-field analogue of the Hong-Ou-Mandel experiment with bright solitons. More specifically, we scatter two solitons off of each other (in our setup, the bright solitons play the role of a classical analogue to the quantum photons of the original experiment), while the role of the beam splitter is played by a repulsive Gaussian barrier. In our classical scenario, distinguishability of the particles yields, as expected, a 0.5 split mass on either side. Nevertheless, for very slight deviations from the completely symmetric scenario a near-perfect transmission state can be constructed instead, very similarly to the quantum mechanical output. We demonstrate this as a generic feature under slight variations of the relative soliton speed, or of the relative amplitude in a wide parametric regime. We also explore how variations of the properties of the "beam splitter" (i.e., the Gaussian barrier) affect this phenomenology.
I. INTRODUCTION
The Hong-Ou-Mandel (HOM) effect is, by now, a well-established experiment in quantum mechanics that describes two-particle interference based on a pair of indistinguishable photons [1] . When those two identical single-photon wave packets simultaneously enter a 50:50 beam splitter, one in each input port, both always exit the splitter at the same output port, although each photon has (on its own) a 50:50 possibility to exit either output port. As a result of this effect, we can test the degree of indistinguishability of two incoming photons experimentally. While a direct measurement of both quantum particles (photons) exiting the beam splitter through the same port is normally not possible, the number of coincidence counts of the photons exiting the beam splitter through one exit port each dips to zero (the so-called HOM dip) in the case of perfect indistinguishability. Santori et al. applied the HOM effect to demonstrate the purity of a solid-state singlephoton source [2] , while Beugnon et al. experimentally considered two atoms independently emitting a single photon to produce the HOM effect [3] . From the point of view of applications, the HOM effect has provided a mechanism for logic gates in linear optical quantum computation [4] . It is important here to stress the fact that in the case where solitonic wave packets replace the photons, in contrast, a direct measurement does become possible and a classical mean-field description, as used in this work, can be employed.
As a generalization of the HOM effect, recent studies have been devoted to the interference of massive particles. Lim and Beige have considered HOM experiments with N bosons or fermions passing simultaneously through a symmetric Bell multiport beam splitter [5] . Longo et al. have examined the joint probability distribution (of finding both photons on the same side) upon varying the properties of the beam-splitter [6] . Laloë and Mullin generalized the HOM effect for a large number of particles by investigating quantum properties of a single beam splitter [7] . In fact, Bose-Einstein condensates (BECs) at very low temperatures provide a setup for studying an analogue to the HOM effect for massive particles. Recently, Lewis-Swan and Kheruntsyan proposed the realization of the HOM effect for massive particles by using a collision of two BECs and a sequence of laser-induced Bragg pulses as the splitter [8] (such an experimental technique has been formerly used to demonstrate the violation of the Cauchy-Schwarz inequality with matter waves [9] ). This has been further explored experimentally very recently in a plasmonic setup using surface plasmon polaritons (SPPs) [10] . Here the two photons were converted into SPPs on a metal stripe waveguide and were subsequently made to interact through a semi-transparent Bragg mirror. This resulted in a coincidence count dip by 72% confirming the bosonic nature of the SPPs and the HOM destructive quantum interference effect.
On the other hand, on the more "classical" side of matter waves, bright solitary waves or solitons have been extensively studied in the context of Bose-Einstein condensates [11] . Restricting our consideration (for the present work) to attractive interactions and bright solitary waves, we can note that both one [12] and many [13, 14] (as a result of the modulational instability) such waves have been created in 7 Li. More recently they have also been produced in 85 Rb [15] , but furthermore the interactions between them and with barriers have been explored [16] [17] [18] [19] both at the mean-field and at the quantum mechanical [20, 21] level. Very recently experimental signatures have also been reported both for the case of interactions with barriers [22] and for those between bright solitons with different phases [23] . It should be noted here that while bright solitons [16, 24] and even their trains [25] and collisions [26] constitute well-established themes in the BEC literature, interesting variants thereof continue to emerge including bright solitons in spin-orbit [27, 28] and exciton-polariton BECs [29, 30] . Moreover, new experimental techniques for their production (such as rf-evaporation for producing one or a pair of bright solitons) [31] and their use in applications including interferometry [32] are being devised. It is at the junction of these two exciting research themes that the present study treads. The bright solitary waves possess some quantum mechanical (or, more accurately, wave-like) features, including a transmission and reflection from a repulsive Gaussian barrier (which we will consider hereafter) as has been analyzed physically in [18] , based to a large extent on the authoritative earlier mathematical analysis of [33] . However, they are not genuine quantum particles such as photons superposed in Fock states. A manifestation of the latter feature is the fact that the HOM dip occurs when the photons are perfectly indistinguishable. On the other hand, if two identical bright solitons enter the beam splitter perfectly symmetrically, the result of their collision will be a perfect splitting into an output state, with one soliton emerging from each port.
Nevertheless, what we argue here is that our mean-field treatment shows that even very slight deviations of the bright solitons from perfect symmetry (of the order of a few percent in the relative speed, or in the relative amplitude) yield an output whereby the bright solitons only emerge in one of the two (controllably so, depending on the sign of the asymmetry) ports i.e., as an analog of the |2, 0 or the |0, 2 state. Indeed, it is this analogy with the HOM feature of revealing both "particles" (in our case, the bright solitons) on one side which constitutes a remarkable feature that arises over a wide range of values of both the soliton and the barrier parameters and as such can be considered as generic. We argue that this phenomenon cannot purely emerge from the interaction of the bright solitons with the barrier but must stem critically from their pairwise interaction during their "coincidence" at the barrier. These deviations in soliton parameters (that give rise to these asymmetries) are so weak that they can very straightforwardly arise due to the imperfect preparation of the colliding bright solitons. Thus, the constructive/destructive interference of our (very) weakly asymmetric bright solitons at the barrier is responsible for their emergence on one or the other port in this setting.
Our presentation is structured as follows. In section II, we briefly discuss the theoretical setup. Section III contains our numerical results and a discussion of the variation of our phenomenology over regimes of speed and amplitude variations of the bright solitons and amplitude and width variations of the barrier. Finally, section IV contains a summary of our findings and a number of suggestions for potential future studies.
II. THEORETICAL SETUP
We set two bright solitons of BECs to collide at a narrow barrier of Gaussian form, which is viewed as the analog of the beam splitter. We should note here that this kind of setup has been extensively studied recently. The thorough exposition and analysis of [18] explored the outcome of the collision of two identical bright solitons, examining chiefly -and even semi-analytically, following the work of [33] -the role of asymmetries in the phase between the bright solitons (section IV.A therein). The issue of asymmetry in bright soliton amplitudes was briefly discussed as well (in section IV.B therein) without a special focus, to the best of our understanding, on the phenomenology reported here. In particular, the central question (here) of the outcome of uneven bright soliton velocities was not considered in [18] . On the other hand, the work of [19] reports observations very similar to the focus of the present work (see e.g. Fig. 8 therein and in particular the evolution of the two bright solitons colliding after t = 0.1s in the top panel). Nevertheless, as this work concerned the collision of a single bright soliton with a barrier (where the interaction of two bright solitons with the barrier was only a secondary effect, due to the "return interaction" of the two splinters), this feature was not examined systematically, although glimpses of it can be inferred by the second reflection coefficient plots of Fig. 5 in [19] .
To simplify the relevant context, we examine the collision phenomenology in the setting of the normalized quasi-1D Gross-Pitaevskii (GP) equation with attractive interactions:
where ψ(x, t) is the dimensionless wave function with normalized temporal and spatial coordinates t and x; see e.g. [18] for a discussion of the relevant units. The dimensionless form of the equation has been systematically derived e.g. in [11] (see Ch. 1 therein, while Ch. 2 is specifically dedicated to bright solitons). While, as discussed in [19] , quantitative features may be expected to differ in the 3D case (and the latter may also differ even qualitatively for near-critical atom numbers in the vicinity of the collapse threshold), qualitative features of the 1D GPE can be fairly accurate for a wide range of atom numbers (up to ≈ 0.7N c , where N c is the critical atom number); see e.g. the comparison in Fig. 1 therein.
The Gaussian barrier has a normalized width σ and strength q. Our initial condition in the present work involves two oppositely moving bright solitons of the form:
For sufficiently large values of x 1 and x 2 (x 1,2 > 0), Eq. (2) approximately represents a pair of two bright solitons located at −x 1 and x 2 , with amplitudes k 1 and k 2 , oppositely moving velocities v 1 and −v 2 (v 1,2 > 0), and with a relative phase ∆. Although this ansatz is reminiscent of the one used in [18] , contrary to that study here we will generally not utilize the phase difference, setting it to ∆ = 0, unless indicated otherwise; a relevant brief comment on its role is included in the next section. Instead, a critical distinguishing feature of the present work will be that we will be relying on slight asymmetries of the propagation characteristics of the solitons such as their speeds or their amplitudes/inverse widths in order to achieve our mean-field analogue of the HOM effect. Note that the limiting case of a δ-shaped barrier (σ → 0 for the Gaussian barrier) has been treated analytically by Holmer et al. [33] for a single bright soliton.
As our mean-field experiment with the two bright solitons playing the role of (partially classical) analogs of the photons in the original HOM setting, and the barrier acting as the beam splitter, we arrange for the two matter-wave bright solitons located at −x 1 and x 2 to collide exactly at the center of the Gaussian barrier, which requires x 1 /v 1 = x 2 /v 2 . The essential point is to control a slight difference between the velocities v 1,2 . In our setup, we ensure that v2−v1 v1 ≤ 0.1. As numerical diagnostics of the "mass" (i.e., atom number fraction) that emerges on each side as a result of this experiment, we compute two normalized integral quantities:
It is then well known (and easily understood by symmetry) that for v 1 = v 2 and other parameters chosen the same for both incoming bright solitons, it will be true by construction that E + = E − = 0.5. We now turn to the case of unequal velocities and amplitudes in our computations presented below.
III. NUMERICAL RESULTS AND DISCUSSION
In the case of unequal velocities, we illustrate typical realizations in Figs. 1 (the numerical simulation is performed using a 4th-order Runge-Kutta algorithm in time, 2nd-order centered difference in space scheme). As seen (and in line with observations such as the secondary collision of Fig. 7 in [19] ), the small difference (≈ 2%) in the bright soliton velocities induces a dramatic deviation from the above mentioned equal velocity result. In other words, envisioning two detectors located on the bright soliton moving paths after collision, we Fig. 1). I.e., in the HOM Fock space language a |2, 0 or |0, 2 state (cf. Fig. 1 ) is recovered rather than a coincidence count of |1, 1 , in some sense similarly to the genuine quantum particle result. Unlike the quantum case, the entanlged state [|2, 0 + |0, 2 ]/ √ 2 is not what is found here. Instead, the slight asymmetry determines uniquely on which output port of the beam splitter the double mass bright soliton is found, thus replacing the decoherence process of the quantum case. Fig. 2 examines the role of the difference between v 1 and v 2 by fixing v 1 = 1, and varying v 2 in a small range 0.9 to 1.1. The simulation results as illustrated by the quantities E +,− are shown in the figure. We see that a peak value occurs when v 2 /v 1 approaches 1 from lower values, which means most of the bright soliton energy is found in one detector. The situation is symmetric as v 2 /v 1 approaches 1 from higher values, and the energy (peaking again around 99%) is detected in the other output port this time. The remarkable feature is that for such a dramatic effect, miniscule deviations of the order of only 1-2% are sufficient. As observed in Fig. 2 , the asymmetry is maintained above 70% − 30% nearly throughout our parametric interval of observation. The tiny region near v 1 = v 2 is an exception that is explainable by the setup of our model (see above). Experiments are eventually expected to show whether this result prevails empirically. If it does, the narrowness of the feature could open the path to using bright soliton collisions for sensitive measurements of minute external forces modifying the effective travel path length. Aside from this narrow region, it can be observed that a situation most closely reminiscent of the original HOM output is best replicated when the bright solitons have a roughly 50% transmission and reflection probabilty from the barrier; this will be further illustrated in what follows.
We should note here that for a single bright soliton, the numerical results of Helm et al. [18] suggest that, in the approximate range 0.5 ≤ v ≤ 2 and σ ≤ 0.28, the bright soliton should tunnel through the Gaussian barrier instead of classically passing through. As a result, the authors conclude that the following relation is satisfied within this tunneling regime,
This translates into v ≪ 2.8 for q = 1 and σ = 0.1 to achieve the tunneling regime. In Figs. 3 we illustrate how the effect of slight velocity difference explored above (in analogy with HOM) is modified for faster, as well as more slowly-moving bright solitons within this tunneling regime. Several features can be distinguished here. Firstly, there is an "optimum" as regards the mass asymmetry involved in the process. This appears to arise when v 1 ≈ q. This, in turn, suggests a nearly 50:50 beam splitter, given the expressions for transmission and reflection from a δ barrier [cf. e.g. Eqs. (7)- (10) and associated discussion in [18] ]. Secondly, the location of the maximal asymmetry is monotonically approaching v 2 /v 1 = 1, as v 1 is decreasing. Nevertheless, and while for large v 1 , the phenomenon is more pronounced, with a rapid decrease of asymmetry as v 2 /v 1 deviates more significantly from unity, the opposite is true in the slow case. For small v 1 (slow bright solitons), although the peak approaches v 2 /v 1 = 1, the curve also flattens and becomes nearly insensitive to the exact value of v 2 /v 1 and the corresponding asymmetry is far less pronounced. From the above, we infer that this asymmetry is most evident when v 1 (and v 2 ) are near q and the relevant mass peak in that case is very proximal to unity, while it occurs only within a few percent of the v 1 = v 2 limit. It should be added here that in line with the discussion of [18] , such an asymmetry cannot be justified by a brief (rapid) interaction of the solitary waves with the barrier. Exploring the formulation of [33] in the same way as is done in Sec. IV.A of [18] , it can be shown that the relative mass (the factors of |P − | 2 and |P + | 2 ) smoothly deviates from 1/2 by only a few percent and hence cannot justify the asymmetry we observed. It must thus be that this outcome is due to the interaction of the solitary waves with each other and with the barrier. For vanishing inter-soliton interaction, each bright soliton would individually interact with the barrier, so that slight asymmetries would only cause slight deviations from a 50:50 splitting, always resulting in close to equal population at the two outputs of the beam splitter in the presented setup. Conversely, for a collision event of two bright solitons in the absence (or far away from) the barrier, the interactions would be far too weak to cause a significant deviation from a 50:50 split (for identical or near-identical bright solitons), i.e. the bright solitons would essentially pass through each other, as they would constitute exact bright solitonic solutions of the integrable 1D homogeneous GP equation.
Although in all other results reported in the manuscript, the relative phase of the bright solitary waves is initially chosen to be ∆ = 0, given the difficulties in experimentally controling such a phase it is, arguably, of relevance to explore the role of ∆ in potentially affecting the above results. This is examined in Fig. 4 . In the top panel of the figure, it can be seen that indeed variations in the original phase difference ∆ will shift the speed ratio v 2 /v 1 of optimal induced asymmetry (i.e., of maximal E + ). Nevertheless, as illustrated in the bottom panel, the variation is only linear and its small slope ensures that the phenomenology presented above (and below) will be relevant even in the presence of nontrivial phase differences ∆.
We now consider different variants of the relevant phenomenology. If, for instance, the two bright solitons collide a bit further away from the center of the Gaussian barrier, the effect observed above still persists as in Fig. 3 . We consider two bright solitons starting at ±x 0 , and they collide at the approximate position x = x 0 1−v2/v1 1+v2/v1 . This situation is similar to the case when v 2 /v 1 → 1, although the maximal asymmetry may occur, e.g., as v 2 /v 1 → 0.9. With our parameters (x 0 = 20), the collision position is x ≈ 1.05 when v 2 /v 1 = 0.9, and parts of the colliding bright solitons are still within the scale of the Gaussian barrier (for k 1 = k 2 = 1). Our simulation shows that the difference on E + is small as v 2 /v 1 → 0.9, and smaller especially for the slow bright solitons.
A particularly interesting variation of the theme is that asymmetries in bright soliton amplitudes/width may also be used to produce a complete asymmetry (in either direction) of the collisional outcome. This is illustrated by varying k 1 while keeping k 2 fixed and k2−k1 k1
≤ 0.1 in our simulations shown in Fig. 5 . In panel (a), we give a group of results for the bright soliton collision with v 1 = v 2 = 1. The variation of amplitude (or inverse width) distribution with k 2 /k 1 is similar to that with v 2 /v 1 after collision. However, for bright solitons with smaller amplitude and larger width (our simulations are based on bright solitons with amplitude comparable to the barrier height, and width much larger than the barrier width), the curve E − is more flat and the effect is considerably less pronounced, especially so for slower bright solitons; cf. Fig. 5(b) .
Another key element in the analysis of this HOM-type phenomenology is the role of the "beam splitter" i.e., how the observations are modified by varying the parameters of the barrier. To analyze that, we fix v 1 = 1, and give two simulation results in Fig. 6 with variation of the barrier strength and width. Eq. (4) suggests that when σ ≪ 0.8 (for q = 1), the bright soliton steps into the tunneling regime. Fig. 6(a) shows that the curve E + is gradually approaching a constant value of 0.5 as σ ≥ 1, which can be seen as being outside the tunneling regime. On the other hand, as σ approaches 0.1, the mass asymmetry is maximized, reaching ≈ 98% in one detector. However, if we further decrease the width, the maximal asymmetry decreases indicating a non-monotonic dependence. The situation is similar (and again non-monotonic) with variation of q. When q ≫ 0.13 (σ = 0.1), the bright soliton is considered to be in the tunneling regime. Fig. 6(b) shows that, when q < 0.1, the curve is gradually approaching again to the constant value of 0.5. The maximum asymmetry of our HOM-like detection can be observed as q approaches to 1 (i.e., to v 1 ). Finally, further increase of q beyond the above maximum yield value of v 1 , leads anew to a less pronounced phenomenology and to a flattening of the relevant curve.
To examine the role of potential fluctuations (and asymmetries) of the beam splitter itself (rather than of the bright solitons), we have also examined the possibility of adding random noise on top of the Gaussian barrier in Eq. (1). This was implemented as
2σ 2 , where η is the noise strength, and ε(x) is a random function with uniformly distributed random values in [−1, 1]. For the weak noise (η = 0.1), we have performed simulations in the case of faster (v 1 = 1, 12 realizations) and slower (v 1 = 0.2, 6 realizations) solitary waves, respectively. From our observations, we conclude that our findings are only weakly affected by this type of slight variations/asymmetries of the barrier. It is instead chiefly the weak asymmetry of the solitary waves, in the appropriate parametric regime as per the discussion above, that is responsible for the observed phenomenology.
Lastly, in order to offer a glimpse of theoretical insight towards the numerical observations presented herein, we propose the following heuristic argument, which we have tested to be valid for large speeds of the incoming solitary waves. In this case, our observations here appear to capture the slight asymmetry between the incoming solitary waves building a relative phase difference, ∆, between them. The latter, in turn, and in agreement with the arguments of [18] would provide a maximal asymmetry in the collisional output if it assumes the value of ∆ = π/2. However, we assume that our solitary waves are fast enough, then their accumulated phase difference (over the time t = x 1 /v 1 needed to reach the barrier collision point) is ∆ = (v 2 1 − v 2 2 )t/2, as stems from the expression of integrable bright solitons of the GP equation. Setting these two expressions for ∆ equal, we retrieve an estimation of the optimal asymmetry in the form of: (v 2 /v 1 )
. While this is a relatively simplistic calculation, it qualitatively agrees with our numerical computations. In particular, it has prompted us to examine the dependence of the point of optimally asymmetric output on the starting bright soliton location(s), i.e., on x 1 . An example of this is shown in Fig. 7 . Indeed, the latter clearly displays the existence of a monotonically decreasing asymmetry trend in the location of the optimum as x 1 is increased. Moreover, for the large speeds used in this example, the second panel of the figure illustrates that the agreement for the prediction of the relevant optimal asymmetry is not merely qualitative but also quantitative.
IV. CONCLUSIONS AND FUTURE CHALLENGES
In the present work, we have proposed a mean-field experiment with bright solitons interacting with each other, at a Gaussian barrier, in a way analogous to the Hong-Ou-Mandel experiment with photons (or more generally bosons). In this analogy, the role of the photons is played by the bright solitons, and that of the beam splitter by a Gaussian barrier. Our findings are rather unexpected in many ways. In the limit of perfect symmetry, the output result is, as expected classically (and based on symmetry), an even mass split between the two output ports. On the other hand, in a way somewhat reminiscent of the quantum mechanical analogue, for weak deviations from "indistinguishability", the mean-field treatment of the bright solitons leads to a strongly asymmetric result, one of a nearly perfect |2, 0 or |0, 2 state. We have quantified this effect and have illustrated its occurrence both for (weak) asymmetries of incoming bright soliton velocities or even for ones of bright soliton amplitudes (or inverse widths). This phenomenology has been quantified over variations of parameters of the barrier (such as its strength and inverse width) and relevant optima have been revealed (e.g. when the strength of barrier is nearly comparable to the incoming bright soliton velocities, i.e., in the nearly 50:50 beam-splitter regime).
These results pave the way for a considerable number of additional investigations in this field. On the one hand, from a more mathematical perspective, it becomes especially relevant to consider the appropriate extension of the work of [33] and a potentially deeper/more quantitative understanding of the role of asymmetries in multisoliton collisions (with a barrier). On the other hand, from a physical perspective, it would be especially interesting to explore whether different wave entities feature similar behavior upon their interactions with barriers. For instance, in the context of repulsive condensates, it would be interesting to examine whether weakly asymmetric dark solitons [34] or perhaps even asymmetric vortices [35] may yield similar features in their pairwise interactions with barriers. The fact that such interactions in both one-and even in multicomponent settings have recently started to be considered [36] suggests the relevance of such studies. On the other hand, multi-component variants of the problem would be worthwhile to explore even in the self-attractive case, where in addition to the potential asymmetry in output ports, further asymmetries between components can be envisioned.
Another potentially rather challenging direction may involve the recently analyzed analogy between the LiebLiniger exactly solvable model 1D solutions and their mean-field bright solitonic counterparts in the larger atom number limit [37] to explore the question discussed herein for structures involving different atom numbers. As this control parameter decreases, we can gradually progress from the mean-field limit of the present work to the quantum mechanical realm of the Lieb-Liniger model and examine how the latter may modify the presently reported phenomenology. These topics are currently under consideration and will be presented in future work.
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